Introduction
Ever since their discovery, ferroelectric perovskites have intrigued experimentalists and theoreticians alike with their interesting properties, the two most exciting ones being large spontaneous switchable polarization and large electromechanical coupling [1, 2] .
It is by virtue of these properties that they have drawn significant attention from the electronics industry where they are used in designing non-volatile memory chips [3, 4] , transducers, actuators, sensors and several other microelectronic and microelectromechanical devices [5, 6, 7] . The current technological trend of integrating ferroelectric materials in miniaturized devices has posed new challenges of understanding their behavior at the atomic (micro and nano) scale (most commonly in the form of thin films and nano-structures) which vary widely from the corresponding bulk properties [8] . Even though an extensive amount of experimental as well as theoretical research has already been (and is still being) dedicated to understand the novel characteristics displayed by these materials as an effect of downsizing, a lot still remains unexplored. The basic physics underlying the processes related to polarization in thin films (e.g., domain nucleation, domain wall motion, hysteresis etc.,) is centered mainly on the orientational behavior of domains and their response to external stimuli (eg., electric fields and mechanical stresses). Atomic force microscopy (AFM) [9, 10] has been extensively used to image domain arrangements and to switch polarization on ferroelectric surfaces of bulk single crystals as well as thin films. The high lateral resolution (∼ 10 nm) of AFM allows accurate measurements of surface morphologies, domain arrangements and piezoelectric constants [11] . Domain structures can be generated [12] and local hysteresis can be measured by AFM on thin films [13, 14] . Electric fields generated by voltages applied at the AFM tip switch the polarization enabling desirable domain patterns to be written on ferroelectric surfaces by this technique [15] . It has been observed that switching is initiated by formation of a domain nucleus of reversed polarity in the close proximity of the AFM tip (when the applied electric field exceeds the coercive field of the sample) which then gradually expands across the cross-section of the film (away from the tip) [12, 16] . Simultaneous application of electric fields and mechanical stresses result in elastoelectric switching in La doped PbTiO 3 thin films [17] . An experiment based on micro-Raman spectroscopy had demonstrated 90 0 switching by the application of mechanical stress along crystallographic directions in BaTiO 3 and PbTiO 3 single crystals [18] (a theoretical explanation of which based on Landau-Ginzburg-Devonshire phasefield simulations, proposed by Chen et al [19] ). Several theoretical models have been developed to explain the image formation mechanism by Scanning Force Microscopy (SFM), Piezoresponse Force Microscopy (PFM) and Atomic Force Microscopy (AFM).
Based on analytical approaches Kalinin et al , [20, 21, 22] have analyzed the electrostatic and electromechanical contributions to explain the contrast imaging of ferroelectric surfaces using PFM in both weak and strong indentation limits of PFM tip. The switching mechanism effected by AFM tip has been modelled based on phenomenological LandauGinzburg-Devonshire theory [14, 19, 23, 24, 25] as well as other efficient analytical models [26, 27] wherein studies on equilibrium shape of domains, movement of domain walls, interaction of domain walls with AFM tip have been conducted. Numerical solution of Landau-Ginzburg-Devonshire equation is obtained to study local hysteresis and domain nucleation in BiFeO 3 thin films [14] . A time-dependent Ginzburg-Landau equation is solved within the phase-field model to study switching subjected to electric field as well as stress [19] . An in-depth analysis of polarization redistribution after nucleation induced by the electric-field tip is studied using a classical energy approach [27] . Recently we have shown that a simple implementation of Ginzburg-Landau model of single and coupled order parameters, with appropriate boundary conditions, can be employed to generate 180 0 , 90 0 and even toroidal domains, in ferroelectric films [28] . In this paper we design a similar model that captures the very basic yet the essential dynamics of the tip interacting with the ferroelectric sample to (i) determine orientation of domains, (ii) study polarization switching over a nano-region initiated by mechanical force, and (iii) obtain local hysteresis. Our results indicate the formation of a nucleus under the AFM tip which expands laterally across the film with time. In order to "follow" the experimental "operations", we develop a set of coupled nonlinear ordinary differential equations based on the well-established Landau-Devonshire free energy theory and their time-dependent counterparts a la Ginzburg and Landau, which are then solved for different initial configurations of domains. The remaining part of this paper is divided into five sections. In section II, we present an elaborate explanation of the construction of the differential equations to accurately reproduce the basic operations of an AFM.
Section III deals with the simulation details where we discuss how the set of differential equations is solved. In section IV we present our important results and discuss how our findings can have a positive impact on the design of microelectronic devices. Finally we summarize the work presented in this paper in section V. A validation of our numerical results by a mean field analysis is also discussed.
AFM Model and Method

Atomic Force Microscopy
Atomic force microscopy (AFM) or scanning force microscopy (SFM) is a very highresolution type of scanning probe microscopy, with resolution on the order of fractions of a nanometer which is better than the optical diffraction limit. The Atomic Force Microscope also overcomes a basic drawback with Scanning Tunneling Microscopesthat it can only image conducting or semiconducting surfaces. The AFM, however, has the advantage of imaging almost any type of surface, including polymers, ceramics, composites, glass, and even biological samples. In 1985, Binnig, Quate, and Gerber invented the Atomic Force Microscope. With the help of a diamond tip, they contacted the surface of a gold plate directly, with the inter atomic van der Waals forces providing the interaction mechanism. Detection of the cantilevers vertical movement was done with a second tip -an STM placed above the cantilever. In 1989, the first commercially available atomic force microscope was introduced. The AFM is one of the advanced tools for imaging, measuring, and manipulating matter at the nanoscale. The information of any surface is felt from the response of a mechanical probe. Piezoelectric elements that facilitate tiny but accurate and precise movements on external computerized command enable the very precise scanning. In some variations, electric potentials can also be scanned using conducting cantilevers. In newer more advanced versions, currents can even be passed through the tip to probe the electrical conductivity or transport of the underlying surface.
Most of the AFMs use a laser beam deflection system, where a laser is reflected from the back of the reflective AFM cantilever and onto a position-sensitive detector. Cantilever tip radius is from a few to 10s of nm. Because the atomic force microscope relies on the forces between the tip and sample, knowing these forces is important for proper imaging.
The force is not measured directly, but calculated by measuring the deflection of the lever, and knowing the stiffness of the cantilever. Hooks law gives F = −kz, where F is the force, k is the stiffness constant of the cantilever, and z is the distance the lever is bent.
Imaging modes
Static and dynamic, these two are the primary modes of operation for an AFM. In static mode, the cantilever is "dragged" across the surface of the sample and the contours of the surface are measured directly using the deflection of the cantilever. In the dynamic mode, the cantilever is externally oscillated at or very close to its fundamental frequency or a harmonic. The oscillation amplitude, phase and resonance frequency are modified by tip-sample interaction forces. These changes in oscillation with respect to the external reference oscillation provide crude information about the sample's characteristics.
Contact mode
In the static mode operation, deflection of the tip is used as a feedback signal. Because the measurement of a static signal can fetch noise as well as drift, low stiffness cantilevers are used. As the attractive forces are quite high near to the surface of the sample, the tip can penetrate the surface. Thus static mode AFM is almost always done in contact where the overall force is repulsive. This technique is called "contact mode".
Non-contact mode
In this mode, the tip of the cantilever does not touch the sample surface. The cantilever is oscillated at a frequency slightly above its resonance frequency where the amplitude of oscillation is typically a few nanometers (¡10 nm). A feedback loop system maintains a constant oscillation amplitude or frequency by adjusting the average tip-to-sample distance. Measuring the tip-to-sample distance at each (x,y) data point allows the scanning software to construct a topographic image of the sample surface.
Tapping mode
In tapping mode, the cantilever is driven to oscillate up and down at near its resonance frequency by a small piezoelectric AFM tip similar to non-contact mode. Due to the interaction of forces acting on the cantilever when the tip comes close to the surface, Van der Waals force, dipole-dipole interaction, electrostatic forces, etc. cause the amplitude of this oscillation to decrease as the tip gets closer to the sample. A feedback process adjusts the height to maintain a certain cantilever oscillation amplitude as the cantilever during scanning the sample.
As stated earlier that the basic experimental set up of AFM consists of a cantilever, one end of which is bent to form a tip (see Fig. 6 .1) with a radius of the order of a few (usually < 10) nm. Orientation of domains in the ferroelectric sample(s) is determined by employing the piezoelectric property of these materials. If the polarization points along c-axis (or z-axis), i.e., perpendicular to the sample surface, the force applied by the cantilever tip on the surface causes it to strain, which in turn generates an electric field within the sample. If the field points along the direction of polarization, the region expands; else contracts. The AFM senses the movements of the tip and the domains are imaged. Since the phenomenon is predominant along the z-axis (or equivalently the
[001] direction), we consider the dynamics of the tip-sample interaction and develop the set of differential equations along this direction, only.
Developing the Equations: Landau-Ginzburg Theory without
Devonshire term
The Landau-Ginzburg free energy expressed in terms of polarization ξ(x) (where x is the transverse displacement, along the sample surface), the primary order parameter for ferroelectric materials, is given by:
where we have retained terms only up to the fourth order. Inclusion of higher order terms will not affect/alter the results significantly. The coefficient a has the usual mean-field temperature dependence:
with T c > T . However, since piezoelectricity plays an essential part in detecting domain orientation, coupling between polarization and strain (the secondary order parameter) cannot be neglected. Although non-linear coupling is an alternate choice, but to keep our computations simple we have considered only linear coupling, cz(x)ξ(x) (as discussed in
Ref. [2] , particularly for extrinsic ferroelectrics). The quantity z(x) corresponds to the displacement of the tip away from (or towards) the ferroelectric surface depending on the orientation of domains (and is proportional to the strain generated in the sample).
Therefore Eq. (6.1) now becomes,
3)
The corresponding kinetic equation to depict the dynamics is:
We have considered the rate parameter: Γ=1 for all further calculations. It may be noted that we have ignored in the free energy ϕ the gradient energy -the so-called Devonshire term in the ferroelectrics literature -which is indeed the basic reason for the formation of domains. This is possible because of our assumed form for the polarization-field at time t=0:ξ 0 (x) which is taken as a periodic step function ( . Because of the presence of these pinning fields, the gradient term in the free energy is not essential. This point is established in section IV C, wherein we re-introduce the Devonshire gradient term. We also study polarization switching by the application of a mechanical force acting on the surface by the AFM tip wherein we observe switching to occur by an initial domain nucleation. If there exist thermal fluctuations during polarization switching, we can think of a noise term to mimic the stochastic behavior of this phenomenon, leading to a time-dependent Ginzburg-Landau (TDGL) equation [29] :
As is customary, we assume that the noise term is delta-correlated, hence its mean and correlation (over the background stochastic process) can be written as:
According to Hookes law, the AFM tip obeys the equation: 3. Therefore, we may write the Newtonian equation of motion as
Clearly, c/Y now has the dimension of (frequency) 2 ×(displacement) and therefore c has the dimension of energy (in terms of unit mass), which restores consistency. Rewriting y in terms of z(x), Eq.(6.9) becomes
The set of coupled differential equations, Eq. 6.5 and Eq. 6.9, forms the underlying theoretical framework and describes the basic operation of AFM (and Piezoresponse Force Microscopy). In the following sections we discuss in precise detail how the solutions
are obtained via simulations and analyze the results obtained.
Simulation Details
The equations 6.5 and 6.9 are solved using a finite difference method with respect to time yielding the following scheme:
In order to mimic domain imaging we have assumed the initial spontaneous polarization ξ 0 (x) to be distributed following a periodic form
|sin(k 1 x)| (only one Cartesian axis (x) is shown in the schematic representation in Fig.6.1) , with a domain width equal to
We have chosen k 1 = 10 units which results in an initial domain size (length for 1D) of 0.3142 units. Such an initial domain orientation is perfectly valid since in thin films the presence of depolarization fields often causes domains to arrange in a striped phase with alternating in-and out-of-plane polarization [30] . Similar striped patterns were obtained from experiments performed on LiTaO 3 thin films [31] . A free energy analysis based on bulk ferroelectricity model also demonstrated a favored striped orientation of domains at high temperatures [32] . Following a spectral analysis to derive domain images from signals perceived by the photodiode detectors we utilize the following transformations:
where ω s is any sampling frequency (> resonating frequency of the AFM). Then z can be assumed to be of the form 
Results and Discussion
Stationary State Solution
To obtain the stationary state solution for any value of x (suppose x = 0 and in the absence of any external field; ω = 0) we equatez(x) =ξ(x) = 0, and denote z = d and ξ = ξ s for particular values of F 0 . The equations (6.5) and (6.9) respectively become: 
Imaging Domains
As mentioned in Section II, we have assumed the inherent polarization distribution in the ferroelectric sample to be periodic with a periodicity of π k 1 . The domains are periodic along the x-direction, and polarization points either outwards or inwards (perpendicular to the film surface), i.e., along the z-direction (and we have considered the tip-sample interaction dynamics along this axis solely). Our results are reported for a thin-film of vanishing thickness, i.e., in effect we consider a two-dimensional ferroelectric sheet.
We have considered polarization to be homogeneous along all three Cartesian directions within a +z and a -z polarized domain; P z is discontinuous only at the domain boundaries. It is important to mention that the factor governing the parameters of domain for each position in different ways; by taking z(x, t f ) , mean (arithmetic mean over time data), amplitude, phase and frequency of z(x, t), we are able to produce topographic mean, amplitude, phase and frequency image of the periodic parallel domains. Topographic mean and frequency image are similar to original profile whereas amplitude and phase images are inverted (see Fig.6 .4). It is remarkable to note that even though the kinetic equation for z(x, t) (Eq. 6.9) does not contain any damping term, the motion of ξ affects the dynamics followed by z and vice-versa (see Fig.6 .5) because of the nonlinear coupling. Presumably, when the oscillating tip approaches the surface, it "transfers" its energy to the ferroelectric sample and hence its motion becomes damped ( mutually, despite the fact that no such damping factors were included in the original equations of motion. The effect is just a manifestation of the electromechanical coupling of the ferroelectric sample. The coupling coefficient c bridges this "exchange" behavior.
However it appears that for only a typical value of c (= 10 units) such a phenomenon is observed. It is striking that this is exactly equal to the frequency of oscillation ω of the cantilever tip. Some of these conclusions from our simulations, concerning the synergy between z(x) and ξ(x) because of coupled dynamics and the apparent emergence of damping terms in the motion of z(x), are borne out by a simple mean field treatment of the TDGL equation, in the Appendix.
Results Including the Gradient Term: Ginzburg-Landau-Devonshire Theory
Imaging Domains
Formation of ferroelectric domains, studying domain wall dynamics or phase transitions of ferroelectrics (bulk or thin film) normally necessitate the presence of the gradient term in Ginzburg-Landau-Devonshire theory. In the present study, our prime focus has been to develop a model to image ferroelectric domains using an AFM tip, where we have assumed an initial striped domain configuration in equilibrium (which is then imaged).
Hence, the gradient term in the Ginzburg-Landau equation for the polarization order parameter ξ (Eq.6.5) was not considered. However, to check the effect of the gradient term on the results discussed so far, the TDGL equations are rewritten as:
For clarity, we have also included the sixth order term in the Landau free energy expansion along with the gradient term. The domain profile in Fig. 6 .6 is similar to that in Fig. 6.3 ; the final image obtained after 10 steps reproduces the assumed domain configuration. The obtained images are strikingly similar to Fig.6 .2 of Ref. [34] , where domain structure of the high-symmetry (010) plane of K 2 ZnCl 4 is imaged by AFM.
For the assumed equilibrium domain structure with wall pinning as we have, domain image retrieved from the AFM tip is expected to remain unaltered, as is observed in Fig. 6.6 . Further, the inherent pinning of the domains, present in this analysis, precludes any domain wall motion, although the latter is expected because of the presence of the gradient term [35, 36, 37] .
Polarization Switching
To study switching, including the gradient terms, the TDGL equations (18, 19) become: 
z(x, y, t) = −kz(x, y, t) + cξ(x, y, t) + F tip cos(ωt). (6.21)
The force applied by the AFM tip is modeled with an ambient Gaussian force distribution given by: 
Mean Field Analysis
If we need a theoretical validation of the phenomena seen in our simulations, we have to study the underlying relaxation processes [39] . When the parameter a >> 1 and b = 1, the double-well potentials are very deep and hence ξ will be mostly 'localized' around ξ = ± √ a. Therefore writing ξ as ξ =ξ + δξ the free energy will be
Correspondingly, the linearized equation of motion, corresponding to Eq.(6.5) reads,
Hence it makes sense to make a mean field approximation to Eq.(6.5) as: The solution of Eq.(6.25) is,
where
If we assume ξ(x, 0) to be zero, as in Fig.(6.5) , and substitute Eq.(6.26) into Eq.(6.9), the equation of motion for the AFM tip becomes Microscopic ferroelectric hysteresis loop simulated for epitaxial film (Fig.6.7 ) with unit dimensional thickness, and corresponding hysteresis appearing in the motion of AFM tip displacement z. From the difference of the loops, the strain and polarization contributions to the ferroelectric properties can be visualized.
A partial integration of the third term on the right hand side of Eq.(6.28) yields established by our simulations (see Fig.6.6 ), where the same phenomenon is manifested.
This simple analysis from mean field theory confirms the observation: presence of coupling between the primary and secondary order parameters (ξ and z) causes the motion of z to be damped. Fitting the analytical solution to our data yields a relaxation time 
Summary
To summarize, we have employed Landau-Devonshire phenomenological theory and the concomitant time-dependent Ginzburg-Landau theory to develop a set of time-dependent ordinary differential equations which reproduce the basic functions of an AFM tip based on which we have (1) determined the profile images of spontaneous domain patterns, and (2) shown that polarization can be switched by mechanical stress alone. This simple model can be used for detecting domains where polarization points along any Cartesian direction by modifying the set of equations (which in the present work are designed to reproduce all dynamics along the z-direction alone). However, the coupling terms (between strain and polarization) are vital in studying domain dynamics, and hence should be treated with care. Hysteresis by the application of electric field can also be studied using this model, where an additional field has to be incorporated in the same set of equations. Similar switching behavior in ferroelectric thin films by electric fields applied in AFM is reported in several studies. The voltages generating electric fields at the AFM tip cause domains of opposite polarity to nucleate which eventually spread across the films by domain wall motion. We have also obtained a local hysteresis loop at a point on the thin film. Polarization switching subjected to external stress has been reported for single crystals of BaTiO 3 and PbTiO 3 using micro-
Raman spectroscopic experiments; a theoretical explanation of the same was addressed using phase-field approach by Chen et al . But our results are concerned with thin ferroelectric films as opposed to bulk single crystals. In analyzing our observations, we have also shown that there is a mechanical exchange of characteristics where even in the absence of a damping term in the equation for the displacement of the AFM-tip, z (t) oscillates to a halt, whereas polarization ξ(t) saturates, the time scale for both the
